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 SPECIAL ASPECTS OF EVALUATING THE CRACKING 
RESISTANCE OF BEAMS WITH PRESTRESSED REINFORCEMENT 

IN THE PROGRAM OF THEIR BENCH TESTS 
Alexander Sim* , Igor Belutsky,
Pacifi c National University, Russian Federation

This article provides information on the “Bypass of Khabarovsk city” road and all its associated transport infrastruc-
ture facilities. A method for evaluating the crack resistance of beams under bench test conditions is given. Based 
on the provisions of the theory of bending, expressions are presented for determining stresses for crack resistance.
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INTRODUCTION

Increasing the crack resistance of reinforced concrete 
structures is an urgent task of the present time. This is 
confi rmed by research conducted in various universities 
around the world [1,2,3,4,5,6].
In 2017, the construction of a large promising facility 
– the «Bypass of  Khabarovsk city» road-began in the 
far East of Russia. The project will relieve the city roads 
of Khabarovsk, create a single transport corridor Chi-
ta-Vladivostok, as well as provide an increase in freight 
and passenger traffi c with the countries of North-East 
Asia [7].
The project includes the construction of not only the road 
itself, but also all related transport infrastructure facilities. 
The route will pass through 5 new transport interchang-
es, 24 bridge structures. The total length of the high-way 
will be 26.8 kilometers [8].
For the construction of bridge crossings and overpasses 
of the route "Bypassing Khabarovsk city" , non-standard 
beams for the Far East are used. In Khabarovsk, the pro-
duction of these reinforced concrete beams rein-forced 
with tensioned reinforcement is deployed. After produc-
tion of beams by the staff of Department "Highways" of 
the Pacifi c National University bench tests were carried 
out.
One of the stages of the bench test program for beams 
of bridge structures of the road “Bypass of Khaba-rovsk 
city” included an assessment of the compliance of span 
structures with the requirements relating to the condi-
tions of serviceability limit states. The beam test was 
done according to the scheme, which included loading 
the beam with a vertical load [9]. The value of the test 
load is determined from the considerations that the force 
effect of the test load forms in the tested beam a stress 
state similar to those that occurs in a real span by ser-
viceability limit-state design.
The bench test program included testing beams with 
a length of 12, 15, 18, 21, 24, 33 m. The Stroyproekt 

In-stitute developed the design documentation for the 
span structures of the specifi ed length that contained 
data necessary to characterize the force effects and 
the stress state that are adequate to the actual work-
ing conditions of the load-bearing structures in the span 
structures. Thus, under the test load, forming a positive 
bending moment in normal cross sections of the beam, 
the strain gauges attached to the upper fl ange and its 
lower fl ange (Fig. 2) could record relative tension strain 
εϐ in the upper fl ange and compression strain εн  in the 
fi bers of the lower fl ange. It is quite clear that the rela-
tive strains εн could not be comprehensive information in 
the characteristic of the stress state of the lower fl ange 
of the beam, much less of its crack resistance, because 
only the effect of the vertical test load predetermining the 
positive bending moment was recorded, and they did 
not carry information about the effect of the prestressing 
forces, in essence, creating the resource of crack resis-
tance of the concrete of the lower zone and realizing the 
effect of prestressing in reinforced concrete structures of 
bridge span structures.
In this regard it is worth noting that at the moment of pre-
stressing the concrete of the beam, the conditions of the 
bench tests did not allow the strain gauges to be placed 
on the lower fl ange of the beam covered with the form-
work, the window arrangement of which could make it in-
operable and was not planned in the bench test program.

METHOD OF ESTIMATION OF CRACK RESISTANCE 
OF REINFORCED CONCRETE BEAMS

To build an algorithm for fi nding the relative strain of in-
terest εd,, εu that are unmeasurable at the moment the 
prestressing force is transferred to the concrete of the 
beam, we consider a diagram refl ecting the characteris-
tic pic-ture of the strained condition of the beam from the 
effect of prestressing forces, fi g. 1.
For example, the bending line of a beam A.B.C. is de-
scribed by a circular curve. We take into account that 
the angle supported on the diameter of the circular curve 
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Figure 1
B.A.B'' is right, and the height A.B' in the right-angled 
triangle BA B'', dropped from the right angle A to the 
hypotenuse BB'', divides it into segments ƒ = B B'; and 
B.B'' = 2R − ƒ, which, taking into account the notation in 
fi g. 1, follow the dependence:

(1)

from which the radius of the circular curve of the beam 
follows

(2)

bending ƒ  from the prestressing forces.
Having found the radius of curvature R, we use the rela-
tionship known from the bending theory

(3)

Expanding in the right part of the expression (3) its com-
ponents in the form

(4)

(5)

we get the relations

(6)

Using substitution                      we get

(7)

and after transformations we fi nd

(8)

Thus, with the known values of the concrete modulus of 
elasticity, taking into account the found relative strains 
εd, and εu by the formula (7), it is possible to evaluate 
the stress state of the normal section of the beam at the 
extreme lower and upper fi bers, respectively

(9)

(10)

where Еbc, Еbр are the values of the concrete moduli of 
elasticity when working in compression and tension, re-
spec-tively.
Taking into account the previously agreed situation with 
the conditions of bench tests relating to the impossi-bility 
of measuring the relative strains εd, εu during the trans-
fer of prestressing forces to the concrete of the beam, 
the stresses σd , σu found by the formulas (9), (10) char-
acterize the effect of prestressing forces. But for an 
com-prehensive characteristic of the compliance of the 
fabricated structure to the crack resistance requirements 
in accor-dance with the serviceability limit states of the 
span structures of road bridges, it is necessary to take 
into account the stresses from the test load, the value of 
which was found because the test load force forms with 
the efforts of the prestressing the stress state similar to 
those that occurs in the beam of a real span by service-
ability limit-state design.
In this connection, we give an estimate of the stress state 
of the beam, cross section of which is shown in Fig. 2, 
having accepted the principle of superposition with re-
gard to the sequence of formation of the stress state. 
At the stage of transfer of prestressing forces N0  to the 
concrete of the beam the stresses in the lower and upper 
fi bers of the beam will be equal, respectively, to

(11)

(12)

At the stage of loading the beam with a test load, cre-
ating a bending moment Мtest in a controlled section, 
stresses occur in the lower and upper fi bers of the beam, 
which can be found from the following expressions re-
spec-tively

(13)

(14)

Thus, the compliance of the fabricated structure with the 
requirements of the serviceability limit states relat-ing to 
crack resistance will be ensured if
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(15)

Figure 2
The right part of expression (15), as the restrictive part 
of the crack resistance condition, is adopted in clause 
7. 96 of Code of Practice 35.13330.2011 (Ministry of re-
gional development of the Russian Federation) and cor-
res-ponds to the variant of mixed reinforcement of the 
lower zone of beam adopted in the design decisions of 
the de-signer of the Stroyproject Institute for the support-
ing structures of bridge structures on the road “Bypass 
of Khaba-rovsk city”. Thus, the block of expressions (11), 
(12), (13), (14) forms the basis for estimating the stress 
state of the beam in accordance with the sequence of 
force effects on the beam: expressions (11), (12) refl ect 
the action of prestressing forces; expressions (13), (14) 
characterize the effect of the test load, and their com-
bination in the form of (15) gives an assessment of the 
compliance of the fabricated beam with the requirements 
of the serviceability limit states. It should be noted that 
expressions (11)–(14) are deduced based on the tradi-
tional view of the behavior of reinforced concrete, based 
on which concrete is traditionally considered a homo-
geneous isotropic material, working with a modulus of 
elasticity in tension equal to the modulus of elasticity in 
compression. At the same time, the paper [10] points out 
objective reasons for the difference in the elastic moduli 
of a concrete when working in compression and tension 
and the validity of considering concrete a bimodular ma-
terial in the behavior of a bending element [11, 12], the 
compressed zone of which works with modulus of elas-
ticity in compression, and stretched zone with modulus 
of elasticity in tension. Earlier, expressions (9), (10) re-
fl ected the differentiated approach to the evaluation of 
stresses of compressed and stretched zones, taking into 
account the elastic moduli characterizing the operation 

of these zones. As an alternative, block of expressions 
(11)–(14) were suggested as solutions. But in this case, 
the fact is important that the geometric characteristics, 
in particular, the reduced moment of inertia Ibred  in ex-
pressions (11), (12) is different in comparison with the 
moment of inertia in expressions (13), (14) both in quan-
titative terms and semantic content.
As the block of expressions (11), (12) and the block of 
expressions (13), (14) characterize the effect of bend-ing 
moments of different sign on the beam, when it is quite 
likely that the concrete is bimodular in the bending struc-
ture. Indeed, if at the prestressing stage, the concrete of 
the lower zone of the beam compresses and works with 
the modulus of elasticity in compression, then at the next 
test stage, when the beam is loaded with a vertical test 
load, the zones of compressed and stretched concrete 
are changed. In other words, the design model changes 
in this situation, the principle of superposition is unfair, 
and the evaluation of the stress state using expressions 
in the form (11), (12), (13), (14) and moments of inertia 
regardless of the direction of the bending moment acting 
in the section of the bending element at different stages 
of loading with the subsequent summation of the results, 
as is the case in expression (15), is incorrect. In this re-
gard, a different approach to the evaluation of the stress 
state is suggested, which consists in choosing a work-
ing scheme in the terminology of I. M. Rabinovich [13]. 
In this case, the term “working scheme” means such a 
stress diagram that would adequately refl ect the total 
of the effect of all loads preceding the test phase con-
cerned, adopted for a specifi c section of the bench test 
program as a control position in assessing the conformity 
of the manufactured design to the project requirements.
It is suggested to evaluate the stress state of the cross 
section of beam with the determination of the stresses of 
interest in the lower zone of the beam, which represent 
the main object of attention in assessing the conformi-
ty of the manufactured beam to the requirements of the 
serviceability limit states relating to cracking, by consid-
eration of the normal stress diagram in the cross-section 
of beam, fi g. 3.
Obviously, to start the procedure of solving the problem 
in the stated format, it is necessary to specify zones of 
compressed and stretched concrete. Perhaps, this situa-
tion can be brought into certainty by taking into account 
that tests aimed at assessing the conformity of fabricated 
structures with the project requirements concerning the 
conditions of the serviceability limit states are predomi-
nant. The limitation of tensile stresses in the lower zone 
of the beam is equal to 2Rbt ser, which means that the 
tensile stresses in the lower zone of the beam and the 
operation of concrete in this zone with modulus of elas-
ticity in tension Ebp are most likely at the fi nal stage of the 
test, what, in fact, the fi nal result of expression (15) indi-
cates. It refl ects in principle the totality of effect of loads 
included in the calculation of spans with prestressed re-
inforcement in order to assess their compliance with the 
requirements of crack resistance.
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Considering the stress-strain state of the section in fi g. 
2 we will bring its geometry to the traditional form with 
the reduced thickness of the compressed fl ange and the 
lower fl ange, respectively (Fig. 2)

(16)

Take fair the law of plane sections with respect to the 
change in relative strains over the entire interval of 
change уi from уd to уu; take linear the law of stress vari-
ation within each of the zones (Hooke's law) when con-
crete works with moduli of elasticity in tension Еbp in the 
lower zone, and with moduli of elasticity in compression 
Еuс in the upper zone. With the fairness of the law of 
plane sections, the following relations are correct

The condition of compatibility of strains of concrete 
and reinforcement along the line of their contact gives 
grounds for the following expression

(17)

(18)

Figure 3

Determine the forces along the beam axis in its upper 
zone 

(19)

in its lower zone

(20)

Then the equilibrium condition , taking into account the 
different directions of efforts in the upper and lower zones 
(Fig. 3), can be represented

(21)

Developing Nu by formula (19), Nd by formula (20), we 
get

(22)

and

(23)

After replacing   by formula (17), and   by formula (18) 
we have

grouping the similar and making the substitution,

(24)

(25)

we get

(26)

from which it follows 

(27)
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Analysis of expression (27) shows that if we have data 
on the prestressing force Np , the cross-sectional geom-
etry of the beam, found by (16), the reduced thickness 
of the upper fl ange h'ƒ and the lower fl ange hƒ of a given 
area of bar reinforcement in the lower zone of the beam 
As, its modulus of elasticity Es  by variations of the values   
yu, yd with the obligatory observance of the condition 
yu + yd = h, where h is the height of the beam from the 
geometry of its cross section, we can fi nd the stresses 
σbd  , σbu by the formula (11), σs by the formula (18), which 
would satisfy the condition of equilibrium ∑x = 0   accord-
ing to (22).
At the same time, the expression (27) clearly shows the 
dependence of stresses σbd on the value of the mod-ulus 
of elasticity in tension of concrete Ebp, which is quite nat-
ural, because the model σbd is based on considering the 
pattern of relative strains of the longitudinal fi bers of the 
beam as a function of efforts that adequately refl ect the 
totality of design loads determining actual the conditions 
of the serviceability limit states in the operation stage, 
and checking the security of the specifi ed conditions in 
the fabricated beam design at the stage of the beam test.
The value of the modulus of elasticity in tension, work 
of which is most likely in the lower zone of the beam at 
this stage of bench tests under the action of prestressing 
forces Np and vertical test load, which determines the 
bending moment Mtest (Fig. 3). It is suggested to evaluate 
the modulus of elasticity Ebp through the solution of the 
problem, which is based on the equality of moments of 
external and internal forces.
When solving a problem:
1. the initial data is the cross-sectional geometry of the 

beam (Fig. 2), the area and modulus of elasticity of 
bar reinforcement in the lower fl ange of the beam As, 
Es, creating the effect of mixed reinforcement, the 
area and modulus of elasticity of prestressed rein-
forcement As, Ep, their position relative to the neutral 
axis, respectively ys, yp ;

2. the working hypotheses are the following the true 
hypothesis of plane sections regarding the nature of 
the distribution of relative strains along the height of 
the beam section, and true condition of the compat-
ibility of strains of concrete and reinforcement along 
the line of their contact.

The truth of the hypothesis of plane sections gives rea-
son for the equality of relations (Fig. 3)

(28)

which allow us to fi nd the position of the neutral axis from 
the expressions

(29)

The validity of the expressions is confi rmed by the deri-
vation of expressions (8).
The true hypothesis of plane sections and condition of 

compatibility of strains of concrete and reinforcement al-
low to write

(30)

and get stresses εp, σp for bar and prestressed reinforce-
ment.

(31)

(32)

characterizing the stress state of the reinforcement in the 
structure of the reinforced concrete element at the end of 
the current test stage, after the prestressing forces are 
transferred to the concrete of beam and the effect of last 
in-crement of the test load.
Thus, considering reliable the data on the beam tests re-
lating to measured strains, estimated concrete defor-ma-
bility, represented by its modulus of elasticity in compres-
sion as more available information, and also taking into 
account the values of yd, yu found by the formula (29) and 
σs, σp found by the formula (31), (32). The resisting mo-
ment has a particular value:
moment of force of the upper zone of the beam relative 
to the neutral axis

(33)

In the expression (33), the fi ber stresses σbu correspond 
to the dependence σbu = εuEbc; the reduced thickness of 
the upper fl ange h'ƒ and the lower fl ange are found by 
the formula (16).
The moment of force of the lower zone of the beam will 
be represented as follows

and more compactly 

(34)

Then, from the equality of the moment of internal forces 
(as the sum of expressions (33) and (34)) and the mo-
ment of external forces generated by the test load Мtest  
and the prestressing forces Np∙yp (Fig. 3), taking into ac-
count their different directions equal to Мload = Мtast- Np∙yp 
it is possible to fi nd the value of the modulus of elasticity 
in tension Еbp.

(35)
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After fi nding the modulus of elasticity in tension by the 
formula (35), the stresses in the lower zone of the beam 
are found by (27), and in the upper zone of the beam by 
(17), the stresses in the bar reinforcement by (18). The 
stresses in the prestressed reinforcement corresponding 
to the work of the beam at the fi nal stage of this stage of 
testing with the validity of the hypothesis of plane sec-
tions and the conditions of compatibility of strains of con-
crete and reinforcement are equal to

CONCLUSIONS

In our opinion, the suggested algorithm for evaluating 
the stress state of a reinforced concrete beam with pre-
stressed reinforcement as part of a bench test program 
for a beam aimed to assess its compliance with the re-
quire-ments of the serviceability limit states certainly de-
serves attention and development for the following rea-
sons:
• fi rstly, when building an algorithm of achieving a goal 

attention is drawn to the impossibility of measuring 
the relative strains in the beam at the stage of creat-
ing prestressing in it. In this regard, the expression 
(27) compen-sates for the lack of direct information 
on the fi ber strains of the beam;

• secondly, the presented method of evaluating the 
stress state of a beam at the stage of its bench 
test is a single block of expressions that take into 
account the likely behavior of concrete in compres-
sion and tension with different moduli of elasticity, 
which required the selection and justifi cation of the 
working scheme, which equally adequately refl ects 
the behavior of the beam at the stage of transfer of 
prestressing forces to the concrete of the beam and 
at the stage of loading the beam with a vertical test 
load.

It is worth noting that the comparison of the results ob-
tained by the suggested method with the results based 
on the expressions of the form (11), (12), (13), (14), (15) 
can assess the signifi cance, the need to consider the be-
ha-vior of concrete as bimodular structure in an objective 
assessment of the stress state of a reinforced concrete 
struc-ture, which may be the most signifi cant in the con-
sidered problem in its use in other composite structures 
for which the history and loading sequence touch the 
principle of superposition and the principle of additivity.
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